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Introduction
• Forward validation

• Model selection/evaluation
• Predict genetic progress

• Validation statistics
• Random variable
• No analytical confidence intervals (CI)
• Bootstrap is an option

• Objectives
• Derive analytical CI for forward validation statistics
• Compare them vs. bootstrap CI
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Forward validation

• Comparison between �𝐮𝐮𝑤𝑤 and �𝐮𝐮𝑝𝑝

• Comparison with adjusted phenotypes 𝐲𝐲∗  

• LR method and predictivity

Whole data

2020 20242016201220082004

Partial data

20202016201220082004

�𝐮𝐮𝑤𝑤

�𝐮𝐮𝑝𝑝

mbermann@uga.edu
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LR method and predictivity
Bias 𝜇𝜇𝑤𝑤𝑤𝑤 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 �𝐮𝐮𝑝𝑝 − �𝐮𝐮𝑤𝑤 0 unbiased

mbermann@uga.edu
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LR method and predictivity
Bias 𝜇𝜇𝑤𝑤𝑤𝑤 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 �𝐮𝐮𝑝𝑝 − �𝐮𝐮𝑤𝑤 0 unbiased

Dispersion 𝑏𝑏𝑤𝑤𝑤𝑤 =
𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤)
𝑣𝑣𝑣𝑣𝑣𝑣 �𝐮𝐮𝑝𝑝

1 no over/under dispersion

mbermann@uga.edu
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LR method and predictivity
Bias 𝜇𝜇𝑤𝑤𝑤𝑤 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 �𝐮𝐮𝑝𝑝 − �𝐮𝐮𝑤𝑤 0 unbiased

Dispersion 𝑏𝑏𝑤𝑤𝑤𝑤 =
𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤)
𝑣𝑣𝑣𝑣𝑣𝑣 �𝐮𝐮𝑝𝑝

1 no over/under dispersion

Reliability 𝜌𝜌𝑐𝑐𝑐𝑐𝑣𝑣𝑤𝑤𝑤𝑤
2 =

𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤)
𝜎𝜎𝑔𝑔𝑖𝑖
2 0 - 1

mbermann@uga.edu



7

LR method and predictivity
Bias 𝜇𝜇𝑤𝑤𝑤𝑤 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 �𝐮𝐮𝑝𝑝 − �𝐮𝐮𝑤𝑤 0 unbiased

Dispersion 𝑏𝑏𝑤𝑤𝑤𝑤 =
𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤)
𝑣𝑣𝑣𝑣𝑣𝑣 �𝐮𝐮𝑝𝑝

1 no over/under dispersion

Reliability 𝜌𝜌𝑐𝑐𝑐𝑐𝑣𝑣𝑤𝑤𝑤𝑤
2 =

𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤)
𝜎𝜎𝑔𝑔𝑖𝑖
2 0 - 1

Increase in accuracy 𝜌𝜌𝑤𝑤𝑤𝑤 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤) 0 - 1

mbermann@uga.edu
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LR method and predictivity
Bias 𝜇𝜇𝑤𝑤𝑤𝑤 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 �𝐮𝐮𝑝𝑝 − �𝐮𝐮𝑤𝑤 0 unbiased

Dispersion 𝑏𝑏𝑤𝑤𝑤𝑤 =
𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤)
𝑣𝑣𝑣𝑣𝑣𝑣 �𝐮𝐮𝑝𝑝

1 no over/under dispersion

Reliability 𝜌𝜌𝑐𝑐𝑐𝑐𝑣𝑣𝑤𝑤𝑤𝑤
2 =

𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤)
𝜎𝜎𝑔𝑔𝑖𝑖
2 0 - 1

Increase in accuracy 𝜌𝜌𝑤𝑤𝑤𝑤 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤) 0 - 1

Predictive ability 𝜌𝜌𝐲𝐲∗,�𝒖𝒖𝑝𝑝 =
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝐲𝐲∗, �𝐮𝐮𝑝𝑝

ℎ2
0 - 1

mbermann@uga.edu
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Confidence intervals
• Frequentist

• CI100 1−α θ = θ ± z1− α
2
 𝑠𝑠𝑠𝑠(θ)

• Bootstrap
• For n samples

• Subset �𝐮𝐮𝑤𝑤, �𝐮𝐮𝑝𝑝, and 𝐲𝐲∗ 
• Calculate validation statistics

• Empirical CI
• Non-parametric

• Bayesian

mbermann@uga.edu
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Frequentist CI for LR and predictivity
Bias 𝜇𝜇𝑤𝑤𝑤𝑤 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 �𝐮𝐮𝑝𝑝 − �𝐮𝐮𝑤𝑤 CI 𝜇𝜇𝑤𝑤𝑤𝑤 = 𝜇𝜇𝑤𝑤𝑤𝑤 ± 𝑧𝑧1− 𝛼𝛼2

𝑛𝑛−2𝟏𝟏′ 𝐂𝐂𝑝𝑝22 − 𝐂𝐂𝑤𝑤22 𝟏𝟏

Dispersion 𝑏𝑏𝑤𝑤𝑤𝑤 =
𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤)
𝑣𝑣𝑣𝑣𝑣𝑣 �𝐮𝐮𝑝𝑝

CI 𝑏𝑏𝑤𝑤𝑤𝑤 = 𝑏𝑏𝑤𝑤𝑤𝑤 ± 𝑧𝑧1− 𝛼𝛼2

tr 𝐒𝐒 𝐂𝐂𝑝𝑝22 − 𝐂𝐂𝑤𝑤22 𝐒𝐒 𝐆𝐆 − 𝐂𝐂𝑝𝑝22

2 tr 𝐒𝐒 𝐆𝐆 − 𝐂𝐂𝑝𝑝22 𝐒𝐒 𝐆𝐆 − 𝐂𝐂𝑝𝑝22 + tr 𝐒𝐒 𝐆𝐆 − 𝐂𝐂𝑝𝑝22
2

Reliability 𝜌𝜌𝑐𝑐𝑐𝑐𝑣𝑣𝑤𝑤𝑤𝑤
2 =

𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤)
𝜎𝜎𝑔𝑔𝑖𝑖
2 CI 𝜌𝜌𝑐𝑐𝑐𝑐𝑣𝑣𝑤𝑤𝑤𝑤

2 = 𝜌𝜌𝑐𝑐𝑐𝑐𝑣𝑣𝑤𝑤𝑤𝑤
2 ± 𝑧𝑧1− 𝛼𝛼

2

tr 𝐒𝐒 𝐂𝐂𝑝𝑝22 − 𝐂𝐂𝑤𝑤22 𝐒𝐒 𝐆𝐆 − 𝐂𝐂𝑝𝑝22 + 2 tr 𝐒𝐒 𝐆𝐆 − 𝐂𝐂𝑝𝑝22 𝐒𝐒 𝐆𝐆 − 𝐂𝐂𝑝𝑝22

𝑛𝑛 𝜎𝜎𝑔𝑔𝑖𝑖
2

Increase in accuracy 𝜌𝜌𝑤𝑤𝑤𝑤 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤) CI 𝜌𝜌𝑤𝑤𝑤𝑤 = tanh tanh−1 𝜌𝜌𝑤𝑤𝑤𝑤 ± 𝑧𝑧1− 𝛼𝛼
2

1
𝑛𝑛 − 3

Predictive ability 𝜌𝜌𝐲𝐲∗,�𝒖𝒖𝑝𝑝 =
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝐲𝐲∗, �𝐮𝐮𝑝𝑝

ℎ2
CI 𝜌𝜌𝐲𝐲∗,�𝒖𝒖𝑝𝑝 =

1
ℎ

 tanh ℎ tanh−1 𝜌𝜌𝐲𝐲∗,�𝒖𝒖𝑝𝑝 ± 𝑧𝑧1− 𝛼𝛼
2

1
𝑛𝑛 − 3

mbermann@uga.edu
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Frequentist CI for LR and predictivity
• Complicated formulas

• Prediction error (co)variances

• Computationally expensive for large datasets

• Approximation
• Unrelated
• Non-inbred

mbermann@uga.edu
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Approx. frequentist CI for LR and predictivity

Bias 𝜇𝜇𝑤𝑤𝑤𝑤 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 �𝐮𝐮𝑝𝑝 − �𝐮𝐮𝑤𝑤 CI 𝜇𝜇𝑤𝑤𝑤𝑤 ≈ 𝜇𝜇𝑤𝑤𝑤𝑤 ± 𝑧𝑧1− 𝛼𝛼2
𝜎𝜎𝑔𝑔2

𝑛𝑛
𝑟𝑟𝑟𝑟𝑟𝑟𝑤𝑤 − 𝑟𝑟𝑟𝑟𝑟𝑟𝑝𝑝

Dispersion 𝑏𝑏𝑤𝑤𝑤𝑤 =
𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤)
𝑣𝑣𝑣𝑣𝑣𝑣 �𝐮𝐮𝑝𝑝

CI 𝑏𝑏𝑤𝑤𝑤𝑤 ≈ 𝑏𝑏𝑤𝑤𝑤𝑤 ± 𝑧𝑧1− 𝛼𝛼
2

𝑐𝑐 − 1 𝑉𝑉𝑉𝑉𝑉𝑉 𝑟𝑟𝑟𝑟𝑙𝑙𝑝𝑝 + 𝑟𝑟𝑟𝑟𝑟𝑟𝑝𝑝2

2 𝑉𝑉𝑉𝑉𝑉𝑉 𝑟𝑟𝑟𝑟𝑙𝑙𝑝𝑝 + 𝑟𝑟𝑟𝑟𝑟𝑟𝑝𝑝2 + 𝑛𝑛 𝑟𝑟𝑟𝑟𝑟𝑟𝑝𝑝2

Reliability 𝜌𝜌𝑐𝑐𝑐𝑐𝑣𝑣𝑤𝑤𝑤𝑤
2 =

𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤)
𝜎𝜎𝑔𝑔𝑖𝑖
2 CI 𝜌𝜌𝑐𝑐𝑐𝑐𝑣𝑣𝑤𝑤𝑤𝑤

2 ≈ 𝜌𝜌𝑐𝑐𝑐𝑐𝑣𝑣𝑤𝑤𝑤𝑤
2 ± 𝑧𝑧1− 𝛼𝛼

2

1 + 𝑐𝑐 𝜎𝜎𝑔𝑔4

𝑛𝑛 𝜎𝜎𝑔𝑔𝑖𝑖
4 𝑉𝑉𝑉𝑉𝑉𝑉 𝑟𝑟𝑟𝑟𝑙𝑙𝑝𝑝 + 𝑟𝑟𝑟𝑟𝑟𝑟𝑝𝑝2

Increase in accuracy 𝜌𝜌𝑤𝑤𝑤𝑤 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(�𝐮𝐮𝑝𝑝, �𝐮𝐮𝑤𝑤) CI 𝜌𝜌𝑤𝑤𝑤𝑤 = tanh tanh−1 𝜌𝜌𝑤𝑤𝑤𝑤 ± 𝑧𝑧1− 𝛼𝛼
2

1
𝑛𝑛 − 3

Predictive ability 𝜌𝜌𝐲𝐲∗,�𝒖𝒖𝑝𝑝 =
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝐲𝐲∗, �𝐮𝐮𝑝𝑝

ℎ2
CI 𝜌𝜌𝐲𝐲∗,�𝒖𝒖𝑝𝑝 =

1
ℎ

 tanh ℎ tanh−1 𝜌𝜌𝐲𝐲∗,�𝒖𝒖𝑝𝑝 ± 𝑧𝑧1− 𝛼𝛼
2

1
𝑛𝑛 − 3

mbermann@uga.edu
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Approx. frequentist CI for LR and predictivity
• Easy to calculate

• Approximation of accuracies for focal animals

• Routine evaluations

mbermann@uga.edu
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Simulated example
• Single-trait animal model

• ~5000 animals

• Grid of ℎ2 and proportion of animals with phenotypes 𝑝𝑝

• Phenotypes simulated from 𝑁𝑁 𝐗𝐗𝐗𝐗,𝐙𝐙𝐙𝐙𝐙𝐙′ 𝜎𝜎𝑔𝑔2 + 𝐈𝐈 𝜎𝜎𝑒𝑒2

• CI
• True
• Frequentist
• Approximated
• Bootstrap

mbermann@uga.edu
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Results: bias

mbermann@uga.edu

High ℎ2
High 𝑝𝑝

Moderate ℎ2
Moderate 𝑝𝑝

Low ℎ2
Low 𝑝𝑝
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Results: dispersion

mbermann@uga.edu

Low ℎ2
High 𝑝𝑝

Moderate ℎ2
Moderate 𝑝𝑝

High ℎ2
Low 𝑝𝑝
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Results: reliability

Low ℎ2
Moderate 𝑝𝑝

Moderate ℎ2
Moderate 𝑝𝑝

High ℎ2
Moderate 𝑝𝑝

mbermann@uga.edu
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Implementation
• Statistics are easy, CI not

• Validationf90
• Solutions with blupf90+
• All statistics
• Three options for CI

mbermann@uga.edu
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Conclusions
• Frequentist CI are better than bootstrap CI

• Approximated CI are like bootstrap CI

• Bootstrap seems to not account for (co)variance structure

• Formulas are complicated to apply

• validationf90 includes all possible ways for proper CI

mbermann@uga.edu
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Questions?
mbermann@uga.edu
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